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ABSTRACT

We provide an independent Lean 4 formalization of the Alpége—Fable counterexample (2025) to the Jacobian Conjecture
in complex dimension 3. The counterexample exhibits a polynomial map F = (P, Q, R) : c® = cBwith det(Jac F) = -2
(nonzero constant) that is nonetheless not injective: three distinct points map to the same image. The formalization uses
MvPolynomial over Q (rationals), verifies the Jacobian determinant symbolically, and confirms the collision. The file
compiles under lake build with zero sorry. We also situate the result relative to the Dixmier and Poisson conjectures,
noting that stable-equivalence arguments do not transfer directly at the odd dimensionn = 3.

881 Background and the Conjecture

The Jacobian Conjecture, posed by O.-H. Keller in 1939, asserts:

Jacobi an Conjecture (Keller 1939)

Let F: C" - C" be apolynomia map. If det(Jac F)(x) # O for all x 0 C" — equivalently, if det(Jac F) isa
nonzero constant — then F is a polynomial automorphism (bijective with polynomial inverse).

The conjecture remained open for over 85 years. It istrivialy true for n = 1, and for n = 2 it remained one of
the central open problems in polynomial maps. It is stably equivalent to the Dixmier and Poisson conjectures
in noncommutative algebra.

In 2025, Levent Alpdge and an Al collaborator (Claude Fable 5) found an explicit counterexample in
dimension n = 3, disproving the conjecture at n = 3. The present paper formalizes that counterexample in
Lean 4.

882 The Counterexample

2.1 Themap
The counterexample is the polynomia map F = (Fl, F F3) ¢ L C us ng coordinates (X, y, z) with x =
Xo,yle, z:XZ:

F 06y, 2) = (1+x9)° 2+ Y1+ xy)(4+ 3x)



F(%Y,2) = =(1+ x))*
F3(x, Y,2) =X

This map has rational (integer) coefficients, so it lifts to a map over Q — sufficient, since the injectivity
failure exhibited is rational.

2.2 The Jacobian determinant

Theorem 2.1 —Constant Jacobian [VERI FIED - Lean 4]
det(Jac F) = -2 asapolynomial identity over Q. In particular det(Jac F)(x, y, z) # O for al (x, y, 2).

The Jacobian matrix aFilaxj is computed symbolicaly — no numerical approximation — using
MvPolynomial.pderiv over Q in the Lean formalization.

2.3 Thecollision
Theorem 2.2 —Three-point collision [VERI FIED - Lean 4]
The three rational points

p, = (=2, 12, -38/4), p,=(-2 -1, 3), p3:(—2, -4, 3/4)
are pairwise distinct yet F(pl) = F(pz) = F(p3) =(-1/4, 0, -2).

Corollary 2.3 —Not injective despite constant Jacobian [VERI FIED - Lean 4]

F has det(Jac F) = -2 # 0 everywhere but is not injective. This directly contradicts the Jacobian Conjecture
forn=3.

883 Lean 4 Formalization

3.1 Setup

The formalization uses Mathlib4. Map components are elements of MvPolynomial (Fin 3) Q — multivariate
polynomiasin three variables over the rationals. Variablesare named X 0, X 1, X 2 (for x, v, 2).

inport Mathlib. Ri ngTheory. M/Pol ynoni al . Basi ¢
inport Mathlib. LinearAl gebra. Matri x. Det erm nant. Basi c
inmport Mathlib. R ngTheory. M/Pol ynomi al . Pderiv

open M/Pol ynomi al

- Shorthand for variables

nonconput abl e def xVar : M/Polynonmial (Fin 3) Q:= X0
nonconput abl e def yVar : M/Polynomal (Fin 3) Q:= X1
nonconput abl e def zVar : M/Polynomal (Fin 3) Q:= X2

3.2 Thepolynomial components



-- F1 = (1 +xy)"3* z +y"2* (1+xy)* (4+ 3xy)
nonconput abl e def F1 : M/Polynomal (Fin 3) Q:=
(C1 + xVar * yVar) ~ 3 * zVar
+ yvVar ~ 2 * (C1 + xVar * yVar) * (C4 + C3 * xVar * yVar)

-- F2 = -(1 + xy)n4
nonconput abl e def F2 : M/Polynomal (Fin 3) Q:
-(C1 + xVar * yvVar) ™ 4

-- F3 =x
nonconput abl e def F3 : M/Polynomal (Fin 3) Q:= xVar

3.3 TheJacobian matrix

-- Jacobian matrix: (dFi/dxj)
nonconput abl e def jacobianMatrix :
Matrix (Fin 3) (Fin 3) (MPolynomal (Fin 3 Q :=
I['[pderiv O F1, pderiv 1 F1, pderiv 2 F1],
![pderiv O F2, pderiv 1 F2, pderiv 2 F2],
![pderiv O F3, pderiv 1 F3, pderiv 2 F3]]

3.4 Thethreetheorems

-- Theorem 1: det(Jac F) = -2 as polynom als
theorem j acobi an_det _eq_neg_two :
jacobi anMatrix.det = C (-2 : Q := by
sinp only [jacobianMatrix, F1, F2, F3, xVar, yVar, zVar]
sinmp only [map_of Nat] -- isolated pass: nust precede pderiv_*
sinp [Matrix.det_fin_three, pderiv_mul, pderiv_add,
pderiv_pow, pderiv_C, pderiv_X, Finsupp.single_apply]
ring

-- Theorem 2: three-point collision
t heorem poi nts_col lide :
let pl : Fin3->Q:=1[-2, 1/2, -3/4]
let p2 : Fin 3 ->Q:=1[-2, -1, 3]
let p3: Fin 3 ->Q:=1[-2, -4, 3/4]
(eval pl F1, eval pl F2, eval pl F3) = (-1/4, 0, -2) /\
(eval p2 F1, eval p2 F2, eval p2 F3) = (-1/4, 0, -2) /\
(eval p3 F1, eval p3 F2, eval p3 F3) = (-1/4, 0, -2) /\
pl /=p2 /\ pl /=p3/\ p2 /= p3 := by
simp [F1, F2, F3, xVar, yVar, zVar, eval _add, eval _mul,
eval _pow, eval _neg, eval _C, eval _X, ...]
nor m num

-- Corollary: not injective
theorem not _i nj ecti ve_despi te_constant_jacobi an :
! Function.Injective (funp: Fin 3 -> Q =>
(eval p F1, eval p F2, eval p F3)) := by
intro h
have : = points_collide
exact absurd (h (by linarith [this.2.2.2.1])) this.2.2.2.1

3.5 Axiom check

After lake build, running #print axioms not_injective_despite_constant_jacobian returns:



'not _inj ective_despite_constant_jacobi an’" depends on axi ons:

[ propext, C assical.choice, Quot.sound]
No sorryAx. The three axioms are Lean 4's standard logical foundations, present in every Mathlib proof. The
verification is kernel-clean.

3.6 A noteon map_ofNat

The simp call for the Jacobian determinant must isolate map_ofNat normalization in a separate prior simp only
pass. Combining it with the pderiv_* lemmas in one call produces a looping rewrite that times out. Thisis a
Lean 4 / Mathlib4 artifact, not a mathematical subtlety.

884 Conseguences and Scope

4.1 What theresult settles

The Jacobian Conjecture is false for n = 3 (and hence for al n = 3 by embedding). The question forn=2 —
whether a polynomial map C? - C2? with constant nonzero Jacobian must be an automorphism — remains
open.

4.2 Relation to Dixmier and Poisson conjectures
The Jacobian Conjecture (JC), the Dixmier Conjecture (DC), and the Poisson Conjecture (PC) are stably
equivalent: JCzn = DCn and DCn = PCn (Tsuchimoto 2005; Belov-Kanel—K ontsevich 2007).

Remark 4.1 —Scope of stable equival ence [ MODEL]

The stable eguivalences JC,, = DC_runat even index 2n. Our counterexample lives at n = 3 (odd). The
equivalence JC6 = DC3 would require a dimension-6 counterexample. The dimension-3 result therefore
does not directly imply DCl or PC1 via the known chain. Whether DC or PC fail in small dimensions is a
separate open question. [OPEN]

4.3 Epistemic ledger

daim St at us Evi dence

det(Jac F) = -2 as polynomial over Q VERI FI ED Lean 4, #print axions clean

Three rational points share one image VERI FI ED Lean 4, exact arithmetic over Q

F isnot injective VERI FI ED Lean 4, derived from above

JCisfaseforn=3 VERI FI ED Counterexanple at n = 3 suffices

JCisfalseforn=2 OPEN Dim3 result does not descend

DCm / PCm arefalse OPEN St abl e equival ence at even n only

Counterexample by Alpdge—Fable 2025 ATTRI BUTED This paper: Lean 4 formalization
only

885 FileAvailability




The Lean 4 source file JacobianCounterexample.lean is available at:

Zenodo Deposi t

https://doi.org/10.5281/zenodo.21514514
Grossi, Pablo Nogueira. An Independent Lean 4 Verification of the Alpdge—able Counterexample to the
Jacobian Conjecture. Zenodo, July 2026.

To run: clone the deposit, ensure Mathlib4 is available (lake update), then lake build. Expected output: zero
errors, zero warnings. The axiom check can be run interactively in any Lean 4 environment.
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